For a product of i.i.d. random orientation-preserving homeomorphisms or a Brownian flow on the circle, we show that if there is "sufficient random behaviour" then the trajectories of any two given initial conditions will almost surely mutually converge ("synchronisation"). Specifically, the following conditions guarantee that synchronisation occurs (and is "stable"): (i) no point is almost surely fixed under the flow, and (ii) every arc is able (with positive probability) to contract under the flow to a length less than its original length. Our result considerably generalises a result of Kleptsyn and Nalskii from 2004. We also provide a more general classification of synchronous behaviour.
Introduction
By "synchronisation" (in a deterministic or random dynamical system), we refer broadly to the phenomenon that the trajectories of different initial conditions approach each other over time in the long run. There already exist a few results concerning synchronisation in invertible random dynamical systems on the circle. Indeed, for an invertible differentiable RDS on the circle, the Lyapunov exponent associated to a given ergodic stationary distribution will generally be negative (e.g. for discrete time, [LeJan87, Proposition 1(b)] applied to the circle; or for continuous time, [Crau02, Corollary 4 .4])-the argument for this is essentially based on the strict form of Jensen's inequality. It then follows (by Propositions 2 and 3 of [LeJan87] ) that with full probability, a full-measure set of initial conditions can be partitioned into finitely many classes, where the trajectories of any two initial conditions in the same class will synchronise. (This partition is not deterministic, although the number of classes in this partition is deterministic.) [Kai93] considers iterations of an orientation-preserving analytic diffeomorphism on the circle subject to a sequence of independent (but not necessarily identically distributed) random perturbations, and finds conditions under which some global-scale synchronous behaviour will almost surely occur.
However, the result that is most closely related to our present study is Theorem 1 of [KN04] . Here, no differentiability is assumed; invertible orientation-preserving iterated function systems on the circle are considered. It is shown that if both the system and its inverse have minimal dynamics, and if at least one of the maps generated by the iterated function system has an attracting fixed point whose basin of attraction is the whole circle minus a singleton (namely, a repelling fixed point), then the distance between the trajectories of any two given initial conditions will almost surely tend to 0 as time tends to infinity; it is also shown that in this situation there is a random attractor-repeller pair.
In this paper, we shall present a much more general result: working with an invertible statistically memoryless continuous RDS in either discrete or continuous time, we will show that if there are no deterministic fixed points and every non-trivial arc has the possibility of contracting to a shorter length under the flow, then (a) the distance between the trajectories of any two given initial conditions will almost surely tend to 0 as time tends to infinity, and (b) the trajectory of any given initial condition will almost surely be asymptotically stable. (We will describe a system satisfying (a) as synchronising, and we will describe a system satisfying both (a) and (b) as stably synchronising.) Our proof is also significantly simpler than the one given in [KN04] (although both proofs are ultimately based on the martingale convergence theorem).
It is worth pointing out that [New15] already gives necessary and sufficient conditions for stable synchronisation in memoryless RDS on a compact metric space. However, one of these conditions is the existence of locally asymptotically stable trajectories (which is typically verified for differentiable systems through negativity of Lyapunov exponents); due to the special structure of the circle, our present result does not require one to verify such a condition.
As an example: we will see that for any Lipschitz vector field on the circle with no non-trivial periodicity, the RDS generated by a Gaussian-white-noise perturbation of this vector field will satisfy our conditions for stable synchronisation.
The structure of the paper will be as follows: In section 2, we will present our framework, introduce some definitions, and present our main result (Theorem 2.13), together with the example mentioned above (Example 2.14). In section 3, we will prove Theorem 2.12. In section 4, we present the notion of a "crack point" (taken and adapted from [Kai93] )-that is, a point outside of which asymptotic contraction occurs-and classify synchronous behaviour in terms of crack points (Theorem 4.5). In the same section, we then show that in two-sided time, any stably synchronising system has a global heteroclinic connection from a future-measurable repelling random fixed point to a past-measurable attracting random fixed point (Proposition 4.27).
and set F + ∶= σ(F t ∶ t ∈ T + ). (The elements of Ω are called "sample points", and represent the different possible evolutions of the random process.) Let (θ t ) t∈T + be a T + -indexed family of measurable functions Ω → Ω such that (i) θ 0 is the identity on Ω, and θ s+t = θ t ○ θ s for all s, t ∈ T + ;
(ii) for all s, t ∈ T + , θ −t F s ⊂ F s+t ;
(iii) for all t ∈ T + , θ t * P = P;
(iv) for all t ∈ T + , F t and θ −t F + are independent σ-algebras (under P).
(In our notation: θ −t (E) ∶= (θ t ) −1 (E) for E ∈ F ; and θ −t G ∶= {θ −t (E) ∶ E ∈ G} for G ⊂ F . If θ t is bijective then we write θ −t for the inverse map of θ t .) (θ t ) is the time-shift dynamical system on the sample space Ω: if we take the evolution represented by a sample point ω, and then pretend that our "reference time t = 0" occurs at time τ later than it actually does, the result is precisely what θ τ ω represents.
Example 2.1 (Gaussian white noise). Following sections A.2 and A.3 of [Arn98] , an "eternal" one-dimensional Gaussian white noise process may be described according to the framework above as follows: Let Ω ∶= {ω ∈ C(R, R) ∶ ω(0) = 0}. For each t ∈ [0, ∞), let F t be the smallest σ-algebra on Ω with respect to which the projection W s ∶ ω ↦ ω(s) is measurable for every s ∈ [0, t]. Let F be the smallest σ-algebra on Ω with respect to which the projection W s ∶ ω ↦ ω(s) is measurable for every s ∈ R. Let P be the Wiener measure on (Ω, F )-that is, P is the unique probability measure under which the stochastic processes (W t ) t≥0 and (W −t ) t≥0 are independent Wiener processes. Finally, for each τ ≥ 0 and s ∈ R, set θ τ ω(s) ∶= ω(τ + s) − ω(τ ); by taking inverses, this formula also holds for negative τ . (Note that under our notation, whether we are working on one-sided time or two-sided time, F t always represents the information available from time 0 to time t.)
Now let S 1 be the unit circle, which we identify with R Z in the obvious manner, and let l denote the Lebesgue measure on S 1 (with l(S 1 ) = 1). Let π ∶ R → S 1 denote the natural projection, i.e. π(x) = x + Z ∈ S 1 ; a lift of a point x ∈ S 1 is a point x ′ ∈ R such that π(x ′ ) = x, and a lift of a set A ⊂ S 1 is a set B ⊂ R such that π(B) = A. Define the metric
Let ϕ = (ϕ(t, ω)) t∈T + , ω∈Ω be a (T + × Ω)-indexed family of orientation-preserving homeomorphisms ϕ(t, ω) ∶ S 1 → S 1 such that (i) for all ω ∈ Ω, ϕ(0, ω) is the identity function on S 1 ;
(ii) for all s, t ∈ T + and ω ∈ Ω, ϕ(s + t, ω) = ϕ(t, θ s ω) ○ ϕ(s, ω);
(iii) for each t ∈ T + , the map (ω, x) ↦ ϕ(t, ω)x is (F t ⊗ B(S 1 ), B(S 1 ))-measurable;
(iv) for each ω ∈ Ω, the map (t, x) ↦ ϕ(t, ω)x is continuous.
(As in Theorem 1.1.6(ii) of [Arn98] , we automatically have that for each ω ∈ Ω the map (t, x) ↦ ϕ(t, ω) −1 (x) is continuous. It is also not hard to show that for each t ∈ T + the
In discrete time, ϕ represents a product of i.i.d. random homeomorphisms (namely, the homeomorphisms ϕ(1, ω), ϕ(1, θ 1 ω), ϕ(1, θ 2 ω), . . .). In continuous time, ϕ represents a "Brownian flow" of homeomorphisms. We refer to ϕ as a "random dynamical system".
Definition 2.2. We say that ϕ is (two-point) contractible if for any distinct x, y ∈ S 1 ,
Proposition 2.3. If ϕ is contractible then for any x, y ∈ S 1 , for P-almost all ω ∈ Ω there exists an unbounded increasing sequence
Proof. See section 3.1 of [New15] .
We will now introduce a slight variant of "contractibility", based on a different type of distance measurement. Define the anticlockwise distance function
where x ′ may denote any lift of x. Obviously d + is not symmetric, but rather satisfies the relation
Proposition 2.5. If ϕ is compressible then for any connected J ⊂ S 1 with l(J) < 1 and any ε > 0 there exists t ∈ T + such that
Proof. Suppose we have a connected set J ⊂ S 1 with l(J) < 1 and a value ε > 0 such that for all t ∈ T + ,
] ⊂ R be a lift ofJ, and let
Following the terminology of section 1 of [New15] : Let G (x 1 ,x 2 ) ⊂ S 1 × S 1 be the smallest closed set containing (x 1 , x 2 ) that is forward-invariant under the two-point motion ϕ×ϕ. The open set {(x, y) ∈ S 1 × S 1 ∶ 0 < d + (x, y) < ε} is not accessible from (x 1 , x 2 ), and therefore (by Lemma 1.2.3 of [New15] ) G (x 1 ,x 2 ) does not intersect this set. So, if we let (u, v) be a point from the compact set
is forward-invariant, we have that
Obviously, since ϕ(t, ω) is invertible for all t and ω, d + (ϕ(t, ω)u, ϕ(t, ω)v) cannot be 0.
Hence we have that
So ϕ is not compressible.
Definition 2.6. We say that a point p ∈ S 1 is a deterministic fixed point (of ϕ) if for P-almost every ω ∈ Ω, for all t ∈ T + , ϕ(t, ω)p = p.
Definition 2.7. We say that a set A ⊂ S 1 is forward-invariant (under ϕ) if for P-almost every ω ∈ Ω, for all t ∈ T + , ϕ(t, ω)A ⊂ A.
Definition 2.8. We say that ϕ has reverse-minimal dynamics if the only open forwardinvariant sets are ∅ and S 1 .
Note that if ϕ has a deterministic fixed point p then S 1 ∖ {p} is forward-invariant, and so ϕ does not have reverse-minimal dynamics.
Proposition 2.9. If T + = [0, ∞) then the following are equivalent:
• ϕ has reverse-minimal dynamics;
• the only closed forward-invariant sets are ∅ and S 1 .
Remark 2.10. In general, when ∅ and S 1 are the only closed forward-invariant sets, we say that ϕ has minimal dynamics. So Proposition 2.9 says that in continuous time, ϕ has minimal dynamics if and only if it has reverse-minimal dynamics.
Proof of Proposition 2.9. We first show that (i)⇒(ii). Suppose we have a closed forwardinvariant non-empty proper subset G of S 1 ; we need to show that there exists an open forward-invariant non-empty proper subset U of S 1 . First consider the case that G is a singleton {p}; then it is clear that p is a deterministic fixed point, and so U ∶= S 1 ∖ {p} is forward-invariant. Now consider the case that G is not a singleton, and let V be a connected component of S 1 ∖G; we will show that U ∶= S 1 ∖V is forward-invariant. Fix any ω with the property that ϕ(t, ω)G ⊂ G for all t ∈ T + . Since ∂V ⊂ G, we have that for all t, ϕ(t, ω)∂V ⊂ G and therefore in particular ϕ(t, ω)∂V ∩ V = ∅. Now let a, b ∶ [0, ∞) → R be continuous functions (with a < b) such that [a(t), b(t)] is a lift of ϕ(t, ω)V for all t. (So {a(t), b(t)} projects onto ϕ(t, ω)∂V for all t.) We know that for all t, a(t) ∉ [a(0), b(0)];
therefore (due to the intermediate value theorem), a(t) ≤ a(0) for all t. Similarly, we have that b(t) ≥ b(0) for all t. HenceV ⊂ ϕ(t, ω)V for all t. Since ϕ(t, ω) is bijective for all t, it follows that ϕ(t, ω)U ⊂ U for all t.
Now to show that (ii)⇒(i), first observe that a set A ⊂ S 1 is forward-invariant if and only if for P-almost every ω ∈ Ω, for all t ∈ T + ,
Hence the fact that (ii)⇒(i) can be derived by exactly the same argument that we used to show (i)⇒(ii), except applied to the family of functions (ϕ(t, ω) −1 ) t∈T + , ω∈Ω rather than (ϕ(t, ω)) t∈T + , ω∈Ω .
Definition 2.11. We say that ϕ is synchronising if for all x, y ∈ S 1 ,
Now in general, two "synchronising" trajectories of a random dynamical system can converge towards the same unstable path, such that in practice, two processes being modelled by these two trajectories will never actually synchronise. To overcome this problem, we introduce the following definition (taken from [New15] , where it is not specific to the circle but can be applied to a RDS on any compact metric space):
Definition 2.12. We say that ϕ is stably synchronising if ϕ is synchronising and for all
Due to S 1 being one-dimensional, this is equivalent to saying that for all x ∈ S 1 ,
Theorem 2.13. The following are equivalent:
(i) ϕ is compressible and has no deterministic fixed points;
(ii) ϕ is contractible and has reverse-minimal dynamics;
and in these cases ϕ is stably synchronising.
Observe in particular that if ϕ has reverse-minimal dynamics then contractibility, compressibility, synchronisation and stable synchronisation are all equivalent.
Example 2.14. Large classes of ODEs on (unbounded) Euclidean space have been proved to exhibit large-scale synchronous behaviour after the addition of Gaussian white noise to the right-hand side of the ODE (see [CF98] for the one-dimensional case, and [FGS14] for a more general case). We shall now do the same for ODEs on S 1 . Let b ∶ R → R be a 1-periodic Lipschitz function, and let ϕ be the RDS on S 1 whose trajectories (ϕ(t, ω)x) t≥0 are projections onto S 1 of solutions of the SDE
where (W t ) t≥0 is a Wiener process and σ ∈ R ∖ {0}. It is clear that if the least period α of b is less than 1 then ϕ is not synchronising, since any arc of length α will remain of length α under the flow. But in the converse direction, using Theorem 2.13 it is not hard to show the following: If the least period of b is 1 then ϕ is stably synchronising. To see this, we argue as follows: Firstly, ϕ clearly has no deterministic fixed points. Now fix any connected J ⊂ S 1 with 0 < l(J) < 1, and let
Since b is continuous and periodic but not l(J)-periodic, there must exist a ∈ R such that b(a + l(J)) < b(a). Now it is known (see e.g. [Art75, Theorem C(a)]) that for any x ∈ S 1 the path of the solution (ϕ(t, ω)x) t≥0 depends continuously (in the topology of uniform convergence on bounded intervals) on the path of the driving Wiener process (W t (ω)) t≥0 ; hence, if the path of the Wiener process (W t (ω)) 0≤t≤1 on the time interval [0, 1] is sufficiently close (uniformly on [0, 1]) to the path (γ t ) 0≤t≤1 given by
(where η > 0 may be any sufficiently large value), then the length of ϕ(t, ω)J will have fallen below l(J) by some time shortly after a−c 1 η . Thus ϕ is compressible. Hence Theorem 2.13 gives that ϕ is stably synchronising.
Remark 2.15 (Comparison of our result with [KN04] ). Let us say that an orientationpreserving homeomorphism f ∶ S 1 → S 1 is simple if there exist points r, a ∈ S 1 (which we respectively call the repeller and attractor of f ) such that f (r) = r and for every x ∈ S 1 ∖ {r}, f n (x) → a as n → ∞. (It follows that f (a) = a.) Let S be a finite set of orientation-preserving homeomorphisms of S 1 , and let ν be a probability measure on S (equipped with the discrete σ-algebra 2 S ) assigning strictly positive mass to each singleton in S.
1 ; and let ϕ(0, ω) andφ(0, ω) be the identity function for all ω. So ϕ andφ are random dynamical systems on S 1 . Theorem 1 of [KN04] states that if
(ii) ϕ has minimal dynamics; (iii)φ has minimal dynamics; then ϕ is synchronising. 1 Note that the statement thatφ has minimal dynamics is 1 Theorem 1 of [KN04] actually states that if these three conditions are satisfied then there is a function z ∶ Ω → S 1 such that z −1 ({x}) is a P-null set for all x ∈ S 1 and for P-almost every ω, for all x, y ∈ S 1 ∖ {z(ω)}, d(ϕ(n, ω)x, ϕ(n, ω)y) → 0 as n → ∞. It is then stated as a corollary that ϕ is synchronising. However, as follows from the material that we will present in section 4, the conclusion of Theorem 1 of [KN04] is actually equivalent to the corollary that ϕ is synchronising (assuming S > 1). equivalent to the statement that ϕ has reverse-minimal dynamics. Now as pointed out in Remark 3 of [KN04] , ϕ has minimal dynamics if and only if for all x ∈ S 1 and non-empty open U ⊂ S 1 there exist h 1 , . . . , h m ∈ S such that h m ○ . . . ○ h 1 (x) ∈ U. (See also section 1.2 of [New15] .) Likewise,φ has reverse-minimal dynamics if and only if for all x ∈ S 1 and non-empty open U ⊂ S 1 there exist h 1 , . . . , h m ∈ S such that x ∈ h m ○ . . . ○ h 1 (U). With this, it is easy to see that Theorem 1 of [KN04] is just a special case of our result, and indeed that condition (ii) of this theorem can even be dropped: Suppose conditions (i) and (iii) are satisfied; since ϕ has reverse-minimal dynamics, we just need to show that ϕ is contractible, and then Theorem 2.13 will give that ϕ is stably synchronising. So fix any distinct points x, y ∈ S 1 . Let r be the repeller of F . Since ϕ has reverse-minimal dynamics, there must exist
for sufficiently large n. Hence ϕ is contractible, and therefore ϕ is stably synchronising.
Proof of Theorem 2.13
We will first prove that (i)⇒(ii)⇒stable synchronisation, and then, using material developed along the way, we will show that (ii)⇒(i). (However, the author expects that there will exist a more elementary proof of the fact that (ii)⇒(i).) Proving that (i)⇒(ii) is fairly straightforward. The main tools in the proof that (ii)⇒stable synchronisation are the Krylov-Bogolyubov theorem and the martingale convergence theorem.
Proof that (i)⇒(ii). Suppose ϕ is compressible and has no deterministic fixed points. Obviously ϕ is contractible; so we just need to show that ϕ has reverse-minimal dynamics.
Suppose for a contradiction that we have an open forward-invariant non-empty proper subset U of S 1 . S 1 ∖U cannot be a singleton, since there are no deterministic fixed points. So let V be a maximal-length connected component of U; since ϕ is compressible, there is a positive-measure set of sample points ω ∈ Ω such that for some
However, ϕ(t, ω)V is connected for all t and ω, and so if l(ϕ(t, ω)V ) > l(V ) then ϕ(t, ω)V cannot be a subset of U. This contradicts the fact that U is forward-invariant.
Definition 3.1. We will say that a probability measure ρ on S 1 is reverse-stationary if for all t ∈ T + and A ∈ B(S 1 ),
Note that for any s ∈ T + , since P is θ s -invariant this is equivalent to saying that for all t ∈ T + and A ∈ B(S 1 ),
Now we will say that a probability measure ρ on S 1 is atomless if for all x ∈ S 1 , ρ({x}) = 0.
2 If θ τ is a measurable self-isomorphism of Ω for all τ ∈ T + then it would make sense to define ϕ(t, ω) for negative t, by ϕ(t, ω) = ϕ(−t, θ t ω) −1 ; however, we emphasise that even in this case, for the definition of reverse-stationarity (and likewise for the definition of stationarity in section 4) we must restrict to nonnegative t.
Lemma 3.2. Suppose we have an atomless reverse-stationary probability measure ρ. Then for any connected J ⊂ S 1 , for P-almost all ω ∈ Ω, ρ(ϕ(t, ω)J) converges as t → ∞.
The main idea of the proof is the same as in Lemme 1 of [LeJan87] .
Proof. Fix a connected J ⊂ S 1 , and for each t and ω let h t (ω) = ρ(ϕ(t, ω)J). Since ρ is atomless, the map t ↦ h t (ω) is continuous for all ω. So if we can show that (h t ) t∈T + is an (F t ) t∈T + -adapted martingale, then the martingale convergence theorem will give the desired result. Fix any s, t ∈ T + , and define
(The latter equality is due to the reverse-stationarity of ρ.) So then, since F s and θ −s F t are independent σ-algebras, it follows (e.g. by Exercise 124(B) of [New15a] ) that h s is a version of the conditional expectation of h s+t given F s . So we are done.
Lemma 3.3. Suppose ϕ is contractible and admits a reverse-stationary probability measure ρ that is atomless and has full support. Then ϕ is synchronising.
We will soon prove that under these conditions, ϕ is actually stably synchronising.
Proof of Lemma 3.3. Fix any distinct x, y ∈ S 1 . Let J ⊂ S 1 be a connected set with ∂J = {x, y}. By Proposition 2.3 and Lemma 3.2, there is a P-full set of sample points ω with the properties that (a) there exists an unbounded increasing sequence (t n ) in T + such that
Fix any ω with both these properties, and let (t n ) be as in (a). For any n, d(ϕ(t n , ω)x, ϕ(t n , ω)y) is precisely the smaller of l(ϕ(t n , ω)J) and 1−l(ϕ(t n , ω)J). Hence there must exist a subsequence (t mn ) of (t n ) such that either l(ϕ(t mn , ω)J) → 0 as n → ∞ or l(ϕ(t mn , ω)J) → 1 as n → ∞. Since ρ is atomless, it follows that either
Lemma 3.4. Under the hypothesis of Lemma 3.3, for any connected J ⊂ S 1 ,
Proof. Fix any connected J ⊂ S 1 . As in the proof of Lemma 3.3, we have that for P-almost every ω ∈ Ω, either ρ(ϕ(t, ω)J) → 0 and l(ϕ(t, ω)J) → 0 as t → ∞.
So then, if we let E denote the set of sample points ω for which we are in the latter scenario, the dominated convergence theorem gives that
But we also know that for any t,
Hence the probability of the latter scenario is ρ(J), and the probability of the former scenario is 1 − ρ(J).
Combining Lemmas 3.3 and 3.4, we have:
Corollary 3.5. Under the hypotheses of Lemma 3.3, ϕ is stably synchronising.
Proof. We already know (from Lemma 3.3) that ϕ is synchronising. Now fix any x ∈ X. Let (U n ) n∈N be a nested sequence of connected neighbourhoods of x such that ⋂ n U n = {x}. For each n,
But since ρ is atomless, ρ(U n ) → 0 as n → ∞. Hence
So we are done.
So then, to complete the proof that (ii) implies stable synchronisation, we just need to show that (ii) implies the existence of a reverse-stationary probability measure that is atomless and has full support. (Contractibility will not actually play a part in this; we will show that if ϕ has reverse-minimal dynamics then there exists a reverse-stationary probability measure that is atomless and has full support.)
Lemma 3.6. ϕ admits at least one reverse-stationary probability measure.
Proof. For each x ∈ S 1 and t ∈ T + , define the probability measureφ t x on S 1 bȳ
for all A ∈ B(S 1 ) and any s ∈ T + . For any s, t ∈ T + , we have that
• (φ s+t x ) x∈S 1 is the family of transition probabilities associated to the random map ω ↦ ϕ(s + t, ω) −1 ;
• (φ s x ) x∈S 1 is the family of transition probabilities associated to the random map ω ↦ ϕ(s, ω) −1 ;
• (φ t x ) x∈S 1 is the family of transition probabilities associated to the random map ω ↦ ϕ(t, θ s ω) −1 ; and therefore, since F s and θ −s F t are independent, it follows (e.g. as in [New15a, Proposition 127] ) that the Chapman-Kolmogorov equation
is satisfied (for any x ∈ S 1 and A ∈ B(S 1 )). Moreover, since the map (t, x) ↦ ϕ(t, ω) −1 (x) is continuous for each ω ∈ Ω, the dominated convergence theorem gives that the map (t, x) ↦φ t x is continuous (with respect to the topology of weak convergence). Therefore, the Krylov-Bogolyubov theorem ([Kif86, Lemma 5.2.1] or [New15a, Theorem 114]) gives that there exists a probability measure ρ on S 1 with the property that for all t ∈ T + and A ∈ B(S 1 ),
But this is precisely equivalent to saying that ρ is reverse-stationary.
Proposition 3.
7. An open set U ⊂ S 1 is forward-invariant if and only if for each t ∈ T + , for P-almost all ω ∈ Ω, ϕ(t, ω)U ⊂ U.
Proof. The "only if" direction is clear. Now suppose that for each t ∈ T + , for P-almost all ω ∈ Ω, ϕ(t, ω)U ⊂ U. Let G ∶= S 1 ∖U. Then for each t, for P-almost all ω, ϕ(t, ω) −1 (G) ⊂ G. Hence in particular, letting D be a countable dense subset of T + , we have that for P-almost every ω, for all t ∈ D, ϕ(t, ω) −1 (G) ⊂ G. But since the map t ↦ ϕ(t, ω) −1 (x) is continuous for each x and ω, it follows that for P-almost every ω, for all t ∈ T + , ϕ(t, ω) −1 (G) ⊂ G and so ϕ(t, ω)U ⊂ U.
Remark 3.8. We likewise have that a closed set G ⊂ S 1 is forward-invariant if and only if for each t ∈ T + , for P-almost all ω ∈ Ω, ϕ(t, ω)G ⊂ G.
Lemma 3.9. For any reverse-stationary probability measure ρ, S 1 ∖ supp ρ is forwardinvariant.
Proof. Let ρ be a reverse-stationary probability measure, and let U ∶= S 1 ∖ supp ρ.
Therefore, for each t, for P-almost all ω, ρ(ϕ(t, ω)U) = 0 and so ϕ(t, ω)U ⊂ U. Hence, by Proposition 3.7, U is forward-invariant.
Lemma 3.10. If ϕ has reverse-minimal dynamics then every reverse-stationary probability measure is atomless and has full support.
Proof. Lemma 3.9 gives that if ϕ has reverse-minimal dynamics then every reversestationary probability measure has full support. Now suppose that ϕ has reverse-minimal dynamics and let ρ be a probability measure on S 1 that is not atomless; we will show that ρ is not reverse-stationary. Let m ∶= max{ρ({x}) ∶ x ∈ S 1 } and let P = {x ∈ S 1 ∶ ρ({x}) = m}.
(So ρ(P ) = m P .) Since ϕ has reverse-minimal dynamics, S 1 ∖ P is not forward-invariant and so (by Proposition 3.7) there must exist t 0 ∈ T + such that
Obviously, for any ω, if P ≠ ϕ(t 0 , ω)P then ρ(ϕ(t 0 , ω)P ) < ρ(P ). Hence we have that
So ρ is not reverse-stationary.
Combining Lemmas 3.6 and 3.10, we have:
Corollary 3.11. If ϕ has reverse-minimal dynamics then ϕ admits a reverse-stationary probability measure that is atomless and has full support.
This completes the proof that (ii)⇒stable synchronisation. Finally, to show that (ii)⇒(i), we simply combine Corollary 3.11 above with the following corollary of Lemma 3.4:
Corollary 3.12. Under the hypotheses of Lemma 3.3, ϕ is compressible.
Proof. For any connected J ⊂ S 1 with 0 < l(J) < 1, since ρ has full support, ρ(J) < 1. Lemma 3.4 then gives the required result.
Crack points and synchronisation
In this section, we will give a geometric characterisation of synchronisation and stable synchronisation. From there, we will go on to consider random fixed points.
First, observe that for any ω ∈ Ω, the binary relation ∼ ω on S 1 defined by
is an equivalence relation. It is easy to show (by considering only rational times) that the set {(ω, x, y)
Definition 4.1. We will say that a sample point ω ∈ Ω is contractive if there exists z ∈ S 1 such that for all x, y ∈ S 1 ∖ {z}, x ∼ ω y. We will say that a sample point ω ∈ Ω is synchronising if for all x, y ∈ S 1 , x ∼ ω y.
Obviously, any synchronising sample point is also contractive: we can just take the point z in Definition 4.1 to be any point in S 1 . However, if a sample point is contractive and not synchronising, then there is clearly only one possible choice for the point z.
Definition 4.2 (adapted from [Kai93] ). We will say that a point r ∈ S 1 is a crack point of a sample point ω ∈ Ω if for every A ⊂ S 1 with r ∉Ā, diam(ϕ(t, ω)A) → 0 as t → ∞.
Equivalently, r is a crack point of ω if and only if for every open U ∋ r, l(ϕ(t, ω)U) → 1 as t → ∞. Obviously, any sample point can only admit at most one crack point.
Lemma 4.3. A sample point ω admits a crack point if and only if it is contractive.
Proof. It is obvious that if ω admits a crack point r then for every x, y ∈ S 1 ∖ {r}, x ∼ ω y. Conversely, suppose we have a point z ∈ S 1 such that for all x, y ∈ S 1 ∖ {z}, x ∼ ω y. Fix any arbitrary x 0 ∈ R ∖ π −1 ({z}), and let v 0 ∈ (0, 1) be such that π(
and therefore l(ϕ(t, ω)J v ) either converges to 0 or converges to 1 as t → ∞. So let
Then it is clear that π(x 0 + v c ) is a crack point.
Of course, if a sample point ω is contractive and not synchronising, then the unique point z described in Definition 4.1 is precisely the crack point of ω.
We will write Ω c ⊂ Ω for the set of contractive sample points, and Ω s ⊂ Ω c for the set of synchronising sample points. We will writer ∶ Ω c → S 1 to denote the function mapping a contractive sample point to its crack point. It is easy to show that for every
Lemma 4.4. Ω c and Ω s are F + measurable sets, andr is measurable with respect to the σ-algebra F c of F + -measurable subsets of Ω c .
Proof. Observe that a sample point ω admits a crack point if and only if for every n ∈ N there exists a closed connected set J n ⊂ S 1 with rational endpoints such that l(J n ) ∈ ( 1 n , 1) and l(ϕ(t, ω)J n ) → 0 as t → ∞: the complement of ⋃ ∞ n=1 J n is precisely {r(ω)}. Hence Ω c is F + -measurable. Now for any ω ∈ Ω c and any non-empty closed connected K ⊂ S 1 , observe thatr(ω) ∈ K if and only if for every closed connected J ⊂ S 1 ∖ K with rational endpoints, l(ϕ(t, ω)J) → 0 as t → ∞. Hencer is F c -measurable. Finally, writing x + 1 2 to mean the point diametrically opposite x, it is clear that a contractive sample point ω is synchronising if and only if bothr(ω) ∼ ωr (ω) + 1 2 . Hence Ω s is F + -measurable. Theorem 4.5 (Classification theorem for synchronisation). P(Ω c ) ∈ {0, 1}. If P(Ω c ) = 0 then ϕ is not synchronising. If P(Ω c ) = 1, exactly one of the following scenarios occurs: (I) there exists a unique deterministic fixed point p, and for P-almost every ω ∈ Ω c , r(ω) = p and ϕ(t, ω)x → p for all x ∈ S 1 as t → ∞; in this case, P(Ω s ) = 1 and ϕ is synchronising, but ϕ is not stably synchronising;
(II) P(Ω s ) = 0, there is at most one deterministic fixed point, P(ω ∈ Ω c ∶r(ω) = x) = 0 for every x ∈ S 1 , and ϕ is stably synchronising;
(III) P(Ω s ) = 0, there is a deterministic fixed point p such thatr(ω) = p for P-almost all ω ∈ Ω c , there is at most one other deterministic fixed point besides p, and ϕ is not synchronising. Lemma 4.6. For any t ∈ T + ∖ {0}, the restricted probability measure P F+ is ergodic with respect to θ t (viewed as a measurable self-mapping of (Ω, F + )).
For a proof, see e.g. Corollary 133 of [New15a] . Note that it follows from Lemma 4.6 that P(Ω c ) and P(Ω s ) are equal to 0 or 1.
Now recall from the proof of Lemma 3.6 that for each x ∈ S 1 and t ∈ T + , we define the probability measureφ t x on S 1 bȳ ϕ
So for each t, (φ t x ) x∈S 1 is the family of transition probabilities associated to the inverse of the time-t mapping of ϕ. As was implicitly seen in the proof of Lemma 3.6, Definition 3.1 can equivalently be formulated as follows: we say that a probability measure ρ on S 1 reverse-stationary if for every t ∈ T + , ρ is a stationary distribution for the family of transition probabilities (φ t x ) x∈S 1 .
For each x ∈ S 1 and t ∈ T + , we define the probability measure ϕ t x on S 1 by ϕ t x (A) ∶= P( ω ∶ ϕ(t, ω)x ∈ A ). For each t, (ϕ t x ) x∈S 1 is the family of transition probabilities associated to the time-t mapping of ϕ. We will say that a probability measure ρ on S 1 is stationary if for every t ∈ T + , ρ is a stationary distribution for the family of transition probabilities (ϕ t x ) x∈S 1 . As in the proof of Lemma 3.6, (ϕ t x ) x∈S 1 , t∈T + satisfies the Chapman-Kolmogorov equations and therefore the Krylov-Bogolyubov theorem gives the existence of at least one stationary probability measure.
Lemma 4.7. Suppose we have an F + -measurable function q ∶ Ω → S 1 and a time τ ∈ T + such that for P-almost all ω ∈ Ω, ϕ(τ, ω)q(ω) = q(θ τ ω). Then q * P is an ergodic measure for the family of transition probabilities (φ τ x ) x∈S 1 . Proof. First we show that ρ is stationary with respect to (φ τ x ) x∈S 1 . Note that the map
since F τ and θ −τ
(For a justification of the antepenultimate equality, see e.g. [New15a, Exercise 124(A)].) Hence ρ is stationary with respect to (φ τ x ) x∈S 1 . Now let A ∈ B(S 1 ) be a set such that for ρ-almost every x ∈ A,φ τ x (A) = 1; we need to show that q * P(A) ∈ {0, 1}. We have
(For a justification of the second equality, see e.g. [New15a, Exercise 124(B)].) So then, letting E ∶= q −1 (A), we have that P(θ −τ (E)∖E) = 0. Since E ∈ F + , it follows by Lemma 4.6 that P(E) ∈ {0, 1}, i.e. q * P(A) ∈ {0, 1} as required.
Lemma 4.8. Suppose we have a probability measure ρ on S 1 and a time τ ∈ T + such that ρ is ergodic with respect to the family of transition probabilities (φ τ x ) x∈S 1 . Then either ρ is atomless, or ρ = 1 n (δ x 1 + . . . + δ xn ) for some n ∈ N and distinct points x 1 , . . . , x n ∈ S 1 satisfying ϕ(τ, ω){x 1 , . . . , x n } = {x 1 , . . . , x n } for P-almost all ω ∈ Ω.
Proof. Suppose ρ is not atomless. Let m ∶= max{ρ({x}) ∶ x ∈ S 1 }, and let {x 1 , . . . , x n } =∶ P be the set of all those points x ∈ S 1 for which ρ({x}) = m. As we have already seen (in the contrapositive direction) within the proof of Lemma 3.10, since ρ is stationary with respect to (φ τ x ) x∈S 1 , ϕ(τ, ω)P = P for P-almost all ω ∈ Ω. Hence in particular,φ τ x (P ) = 1 for each x ∈ P . Since ρ is ergodic with respect to (φ τ x ) x∈S 1 , it follows that ρ(P ) ∈ {0, 1}. But ρ(P ) > 0, and therefore ρ(P ) = 1. So we are done.
Proposition 4.9. Suppose we have an F + -measurable function q ∶ Ω → S 1 and a time τ ∈ T + such that for P-almost all ω ∈ Ω, ϕ(τ, ω)q(ω) = q(θ τ ω). Then q * P is either atomless or a Dirac mass.
Remark 4.10. In the case that q * P is a Dirac mass δ p , we have that for P-almost all ω ∈ Ω, ϕ(τ, ω)p = p. Hence, if every t ∈ T + has the property that for P-almost all ω ∈ Ω, ϕ(t, ω)q(ω) = q(θ t ω), and if q * P is a Dirac mass δ p , then (by Proposition 3.7) p is a deterministic fixed point. Applying this tor: If P(Ω c ) = 1 thenr * (P Fc ) is either atomless or supported on a deterministic fixed point.
Remark 4.11. Suppose θ t is a measurable self-isomorphism of (Ω, F ) for each t, and suppose we have a σ(θ t F t ∶ t ∈ T + )-measurable function q ∶ Ω → S 1 and a time τ ∈ T + such that for P-almost all ω ∈ Ω, ϕ(τ, ω)q(ω) = q(θ τ ω). Then (by considering the time-reversal of ϕ) we once again have that q * P is either atomless or a Dirac mass.
Proof of Proposition 4.9. Suppose q * P is not atomless. By Lemmas 4.7 and 4.8, there exist distinct points x 1 , . . . , x n ∈ S 1 such that q * P = almost surely invariant under the time-τ map of ϕ. Let E ∶= q −1 ({x 1 }). For each m ∈ N, for any F ∈ F m , we have that
(As in the second half of the proof of Lemma 4.7, the second equality can be justified using [New15a, Exercise 124(B)].) So E is independent of F m for each m ∈ N, and is therefore independent of F + . In particular, E is independent of itself, and so P(E) = 1; hence n = 1 and q * P = δ x 1 .
Lemma 4.12. If P(Ω c ) = 1, then ϕ is stably synchronising if and only ifr * (P Fc ) is atomless.
Proof. Suppose that P(Ω c ) = 1 andr * (P Fc ) is atomless. Given any x, y ∈ S 1 , for Palmost every ω ∈ Ω c ,r(ω) ∉ {x, y} and so x ∼ ω y. Furthermore, given any x ∈ S 1 , for P-almost every ω ∈ Ω c ,r(ω) ≠ x and so there exists a neighbourhood U of x such that diam(ϕ(t, ω)U) → 0 as t → ∞. Hence ϕ is stably synchronising. Conversely: for any ω ∈ Ω c there does not exist a neighbourhood U ofr(ω) such that diam(ϕ(t, ω)U) → 0 as t → ∞; hence if there exists a value x ∈ S 1 whichr can take with strictly positive probability, then ϕ cannot be stably synchronising.
Lemma 4.13. If P(Ω c ) = 1 andr * (P Fc ) is atomless then P(Ω s ) = 0.
Proof. Suppose P(Ω c ) = 1 andr * (P Fc ) is atomless. Define the functions
Fix a stationary probability measure ρ. It is not hard to show (e.g. as in [New15a, Theorem 143(i)]) that the probability measure P F+ ⊗ρ on (Ω×S 1 , F + ⊗B(S 1 )) is invariant under Θ. Sincer(θ 1 ω) = ϕ(1, ω)r(ω) for all ω ∈ Ω c , it then follows that the probability measure w on (Ω × S 1 × S 1 , F + ⊗ B(S 1 × S 1 )) given by
is invariant under Θ 2 . Now let ∆ ∶= {(x, x) ∶ x ∈ S 1 }. Sincer * (P Fc ) is atomless, we have that
Therefore, there must exist ε > 0 such that w(Ω × U ε ) > 0, where
The Poincaré recurrence theorem then gives that there is a w-positive measure set of points in Ω × S 1 × S 1 which return infinitely often to Ω × U ε under iterations of the map Θ 2 . In other words,
By Fubini's theorem, it follows that there is a P-positive measure set of sample points that are not synchronising.
Lemma 4.14. Suppose we have a sample point ω ∈ Ω and a dense set S ⊂ S 1 such that for all x, y ∈ S, x ∼ ω y. Then ω admits a crack point.
Proof. This is the same as the proof of the "if" direction in Lemma 4.3, just replacing {z} with S 1 ∖ S and {v 0 } with {v
Corollary 4.15. If ϕ is synchronising then P(Ω c ) = 1.
Proof. Suppose ϕ is synchronising, and fix a countable dense set S ⊂ S 1 . Since S is countable, we have that for P-almost every ω ∈ Ω, for all x, y ∈ S, x ∼ ω y and therefore ω ∈ Ω c (by Lemma 4.14). So P(Ω c ) = 1.
We make one final remark before being in a position to prove Theorem 4.5: Given a sample point ω ∈ Ω and a point x ∈ S 1 , let us say that x is a fixed point of ω if ϕ(t, ω)x = x for all t ∈ T + ; it is clear that any contractive sample point ω ∈ Ω c can admit at most two fixed points. Therefore, if P(Ω c ) = 1 then ϕ has at most two deterministic fixed points. It is also clear that if ϕ is synchronising then ϕ has at most one deterministic fixed point.
With all of this, it is now straightforward to complete the proof of Theorem 4.5:
Proof of Theorem 4.5. We have established that P(Ω c ) is either 0 or 1; by Corollary 4.15, if P(Ω c ) = 0 then ϕ is not synchronising. If P(Ω c ) = 1 then, as we have established, P(Ω s ) is either 0 or 1. In the case that P(Ω s ) = 1, ϕ is obviously synchronising and we know, by Lemma 4.13 combined with Remark 4.10, thatr * (P Fc ) is a Dirac mass supported on a deterministic fixed point p (which must be the only deterministic fixed point since ϕ is synchronising); Lemma 4.12 also gives that in this case, ϕ is not stably synchronising.
In the case that P(Ω c ) = 1 and P(Ω s ) = 0, we have the following: ifr * (P Fc ) is atomless then Lemma 4.12 gives that ϕ is stably synchronising (and therefore has at most one deterministic fixed point); but ifr * (P Fc ) is not atomless then once againr * (P Fc ) is a Dirac mass supported on a deterministic fixed point p. In this latter situation, given any x ∈ S 1 ∖ {p} it is clear that for P-almost all ω ∈ Ω, x ∼ ω p; so ϕ is not synchronising. Nonetheless, since P(Ω c ) = 1 there cannot be more than two deterministic fixed points. This completes the proof.
Now an autonomous flow is a T + -indexed family (f t ) t∈T + of homeomorphisms f t ∶ S 1 → S 1 such that f s+t = f t ○ f s for all s, t ∈ T + . We will say that an autonomous flow (f t ) is simple if there exist distinct points r, a ∈ S 1 (called the repeller and the attractor of (f t )) such that f t (r) = r for all t ∈ T + , and f t (x) → a as t → ∞ for all x ∈ S 1 ∖ {r}. (It follows that f t (a) = a for all t ∈ T + .) If (f t ) is simple, it is easy to show that the set of invariant probability measures for (f t ) is given by
We will refer to the pair (a, r) as a global attractor-repeller pair for (f t ), on the heuristic grounds that "r pushes all points in S 1 (other than itself) towards a". We now go on to generalise the notion of a "global attractor-repeller pair" to the random setting. We will need a couple of assumptions.
Assumption A: For all t ∈ T + , θ t is a measurable isomorphism of (Ω, F ) into itself.
The heuristic interpretation of this assumption is that the underlying random process has been going on since eternity past. We refer to F + as the future σ-algebra, and we define the past σ-algebra as F − ∶= σ(θ t F t ∶ t ∈ T + ) ⊂ F . It is not hard to show that F + and F − are independent (under P).
LetF ∶= σ(F + ∪ F − ). It is easy to check that for all t ∈ T + , θ tF = θ −tF =F . Moreover, we have the following: 3
Lemma 4.16. For all t ∈ T + ∖{0}, P F is ergodic with respect to θ t (viewed as a measurable self-mapping of (Ω,F )).
Proof. Fix t ∈ T + ∖ {0}. For each n ∈ Z, let G n = θ nt F + . Let G −∞ ∶= ⋂ n∈Z G n , and observe thatF = σ(⋃ n∈Z G n ). Let E ∈F be a set with θ −τ (E) = E, and let g ∶ Ω → S 1 be a version of the conditional probability of E given F + (which is equal to G 0 ). By the transformationof-conditional-expectations formula (e.g. [New15a, Exercise 13(C)]), for every n ∈ Z, g○θ nτ is a version of the conditional probability of E given G −n . By a version of the Kolmogorov 0-1 law (e.g. [New15a, Proposition 132]), G −∞ is a P-trivial σ-algebra; hence the constant map ω ↦ P(E) is a version of the conditional probability of E given G −∞ . Therefore, by Lévy's downward theorem ([Will91, Theorem 14.4]), g ○ θ nτ (ω) → P(E) as n → ∞ for P-almost all ω ∈ Ω. But since θ τ is itself P-preserving, it follows (e.g. since almostsure convergence implies convergence in distribution, or alternatively by the Poincaré recurrence theorem) that g(ω) = P(E) for P-almost all ω ∈ Ω. Obviously we therefore have that for each n ∈ N, g ○ θ −nτ is equal to P(E) almost everywhere, i.e. the constant map ω ↦ P(E) is a version of the conditional probability of E given G n , and so E is independent of G n . Since this is true for every n, it follows that E is independent ofF ; therefore, in particular, E is independent of itself, and so P(E) ∈ {0, 1}.
Hence (by restricting F toF if necessary) we may add the following assumption without loss of generality:
Assumption B: P is an ergodic measure of the dynamical system (θ t ) t∈T + on (Ω, F ).
With these assumptions, we start by introducing some general theory of invariant measures for random dynamical systems.
Let M 1 be the set of probability measures on S 1 , equipped with the "evaluation σ-algebra" σ(ρ ↦ ρ(A) ∶ A ∈ B(S 1 )); so for any measurable space (X, Σ), a function f ∶ X → M 1 is measurable if and only if the map ξ ↦ f (ξ)(A) from X to [0, 1] is measurable for all A ∈ B(S 1 ). It is not hard to show that the map x ↦ δ x is a measurable embedding of S 1 into M 1 . 4
A random probability measure is an Ω-indexed family (µ ω ) ω∈Ω of probability measures µ ω on S 1 such that the map ω ↦ µ ω from Ω to M 1 is measurable (which is equivalent to saying that for each A ∈ B(S 1 ), the map ω ↦ µ ω (A) from Ω to [0, 1] is measurable).
Definition 4.17. We say that a probability measure µ on (Ω×S 1 , F ⊗B(S 1 )) is compatible if µ(E × S 1 ) = P(E) for all E ∈ F . We write M P 1 for the set of compatible probability measures.
The disintegration theorem (e.g. [Crau02a, Proposition 3.6]) gives that for every compatible probability measure µ there exists a random probability measure (µ ω ) ω∈Ω (unique up to P-almost everywhere equality) such that
for all A ∈ F ⊗ B(S 1 ), where A ω denotes the ω-section of A. The random probability measure (µ ω ) is called a (version of the) disintegration of µ, and we will refer to µ as the integrated form of (µ ω ).
Lemma 4.18. Let µ 1 and µ 2 be compatible probability measures, with (µ 1 ω ) and (µ 2 ω ) being disintegrations of µ 1 and µ 2 respectively. If µ 1 and µ 2 are mutually singular then for P-almost every ω ∈ Ω, µ 1 ω and µ 2 ω are mutually singular. Proof. Suppose we have a set A ∈ F ⊗ B(S 1 ) such that µ 1 (A) = 1 and µ 2 (A) = 0. Then it is clear that for P-almost all ω ∈ Ω, µ 1 ω (A ω ) = 1 and µ 2 ω (A ω ) = 0. So we are done. Heuristically, the map x ↦ δ x serves as a natural way of identifying points in S 1 with measures on S 1 . We can give a "randomised" version of this same concept: Definition 4.19. For any measurable function q ∶ Ω → S 1 , we define the probability measure
Note that G q is a compatible probability measure, and admits the disintegration (δ q(ω) ) ω∈Ω .
Let L 0 (P, S 1 ) denote the set of equivalence classes of measurable functions from Ω to S 1 (where "equivalence" means agreement on a P-full set). For any measurable q ∶ Ω → S 1 , let q ∈ L 0 (P, S 1 ) be the equivalence class represented by q. By uniqueness of disintegration, the mapq ↦ G q from L 0 (P, S 1 ) to M P 1 is injective; thus, heuristically, we have a natural way of identifying "random points in S 1 " (defined up to almost sure equality) with compatible probability measures.
Now for each
Note that (Θ t ) t∈T + is a dynamical system on Ω × S 1 -that is, Θ 0 is the identity function and Θ s+t = Θ t ○ Θ s for all s, t ∈ T + .
Definition 4.20. We say that a probability measure µ on Ω × S 1 is ϕ-invariant if µ is both compatible and invariant under (Θ t ) t∈T + (that is, Θ t * µ = µ for all t ∈ T + ).
Lemma 4.21. Let (µ ω ) be a random probability measure. The integrated form of (µ ω ) is ϕ-invariant if and only if for each t ∈ T + , for P-almost all ω ∈ Ω, ϕ(t, ω)
The proof is a straightforward exercise (see e.g. [Arn98, Theorem 1.4.5(ii)]).
Definition 4.22. A random fixed point is a measurable function q ∶ Ω → S 1 with the property that for each t ∈ T + , for P-almost every ω ∈ Ω, ϕ(t, ω)q(ω) = q(θ t ω).
So then (e.g. as a special case of Lemma 4.21) a measurable function q ∶ Ω → S 1 is a random fixed point if and only if G q is ϕ-invariant. Moreover, as a consequence of Assumption B, we have the following:
Lemma 4.23. For any random fixed point q ∶ Ω → S 1 , G q is ergodic with respect to (Θ t ) t∈T + .
Proof. Fix any A ∈ F ⊗ B(S 1 ), and for each t ∈ T + , let
Note that for every t ∈ T + , G q (Θ −t (A) △ A) = P(E t △ E 0 ). Now since q is a random fixed point, we have that for each t ∈ T + , P(
Having developed the above general theory, we can now describe the set of ϕ-invariant probability measures when P(Ω c ) = 1.
Proposition 4.24. Suppose P(Ω c ) = 1, and let r ∶ Ω → S 1 be a measurable function with r(ω) =r(ω) for all ω ∈ Ω c . (Obviously r is a random fixed point, and can be chosen to be F + -measurable.) Then either (A) G r is the only ϕ-invariant probability measure; or (B) there exists an (F − , B(S 1 ))-measurable random fixed point a ∶ Ω → S 1 , with a(ω) ≠r(ω) for P-almost every ω ∈ Ω c , such that the set of ϕ-invariant probability measures is given by {λG r + (1 − λ)G a ∶ λ ∈ [0, 1]}.
Definition 4.25. If P(Ω c ) = 1 and case (B) of Proposition 4.24 holds, then we will say that ϕ is simple. In this case, letting r and a be as in Proposition 4.24, we refer to the pair (â,r) as a global random attractor-repeller pair for ϕ.
Before proving Proposition 4.24, it will be useful to introduce the following definition (taken from [KN04] ):
Definition 4.26. The spread D(ρ) of a probability measure ρ on S 1 is defined as D(ρ) ∶= inf{ε > 0 ∶ ∃ closed connected J ⊂ S 1 with l(J) < ε and ρ(J) > 1 − ε}.
It is not hard to show (by considering connected sets with rational endpoints) that the map ρ ↦ D(ρ) from M 1 to [0, 1 2 ] is measurable. Proof of Proposition 4.24. Suppose G r is not the only ϕ-invariant probability measure, and let µ be a ϕ-invariant probability measure distinct from G r . Let µ a and µ s denote respectively the absolutely continuous and singular parts of the Radon-Nikodym decomposition of µ with respect to G r . By Lemma 4.23, G r is ergodic and therefore µ a must be a scalar multiple of G r . 5 Therefore the probability measure ν on Ω × S 1 given by ν(A) = 1 µ s (Ω×S 1 ) µ s (A) is itself ϕ-invariant. Let (ν ω ) ω∈Ω be a disintegration of ν. By Lemma 4.18, ν ω ({r(ω)}) = 0 for P-almost all ω ∈ Ω. Hence D(ϕ(t, ω) * ν ω ) → 0 as t → ∞ for P-almost every ω ∈ Ω c . By Lemma 4.21, this implies that for P-almost all ω ∈ Ω, D(ν θ n ω ) → 0 as n → ∞ (in the integers). By the Poincaré recurrence theorem and the measurability of D(⋅), it follows that D(ν ω ) = 0 for P-almost all ω ∈ Ω, i.e. ν ω is a Dirac mass for P-almost all ω ∈ Ω. So there exists a measurable functionã ∶ Ω → S 1 such that ν ω = δã (ω) for P-almost all ω ∈ Ω (and so ν = Gã). Since ν is ϕ-invariant, it follows thatã is a random fixed point.
So far, then, we have seen that µ is a convex combination of G r and Gã for some random fixed pointã ∶ Ω → S 1 such thatã(ω) ≠ r(ω) for P-almost all ω ∈ Ω; and it is obvious that any convex combination of G r and Gã is ϕ-invariant. We will next show that it is possible to modifyã on a P-null set to obtain an F − -measurable function: Fix any point y ∈ S 1 such that P * r({y}) = 0. For P-almost every ω ∈ Ω, d(ϕ(n, ω)y,ã(θ n ω)) → 0 as n → ∞ (in the integers). Since almost sure convergence implies convergence in probability and P is θ n -invariant for all n, it follows that the sequence (a n ) n∈N of random variables a n ∶ ω ↦ ϕ(n, θ −n ω)y converges in probability toã. Now a n is clearly F − -measurable for each n, and so it follows 6 that there exists an F − -measurable function a ∶ Ω → S 1 such that a(ω) =ã(ω) for P-almost all ω ∈ Ω.
Finally, to complete the proof, we only need to show that up to P-almost everywhere equality, a is the only random fixed point that is P-almost everywhere distinct from r. Let b ∶ Ω → S 1 be any random fixed point that is P-almost everywhere distinct from r; then it is clear that for P-almost every ω ∈ Ω c , d(b(θ n ω), a(θ n ω)) → 0 as n → ∞ (in the integers). Hence the Poincaré recurrence theorem gives that d(b(ω), a(ω)) = 0, i.e. b(ω) = a(ω), for P-almost all ω ∈ Ω. So we are done.
Proposition 4.27. If ϕ is stably synchronising then ϕ is simple.
For the proof of Proposition 4.27, we will need the following: Let us say that a compatible probability measure µ is past-measurable if there is a version (µ ω ) of the disintegration of µ such that the map ω ↦ µ ω is F − -measurable. As part of [KS12, Theorem 4.2.9(ii)], the following holds:
Lemma 4.28. For every stationary probability measure ρ, there is a past-measurable ϕ-invariant probability measure µ ρ such that ρ(A) = µ ρ (Ω × A) for all A ∈ B(S 1 ).
(This fact is not specific to the circle, but holds for more general Polish spaces.)
Proof of Proposition 4.27. Suppose P(Ω c ) = 1 and ϕ is not simple. We have established that (due to the Krylov-Bogolyubov theorem) there exists a stationary probability measure ρ. Since G r is the only ϕ-invariant measure, Lemma 4.28 then implies that G r is past-measurable. So r has an F − -measurable modification. But we also know that r has an F + -measurable modification. Since F − and F + are independent, it follows that P * r is a Dirac mass, and so by Lemma 4.12, ϕ is not stably synchronising.
